In recent years, the fractional order model has been employed to state of charge (SOC) estimation. The non integer differentiation order being expressed as a function of recursive factors defining the fractality of charge distribution on porous electrodes. The battery SOC affects the fractal dimension of charge distribution, therefore the order of the fractional order model varies with the SOC at the same condition. This paper proposes a new method to estimate the SOC. A fractional continuous variable order model is used to characterize the fractal morphology of charge distribution. The order identification results showed that there is a stable monotonic relationship between the fractional order and the SOC after the battery inner electrochemical reaction reaches balanced. This feature makes the proposed model particularly suitable for SOC estimation when the battery is in the resting state. Moreover, a fast iterative method based on the proposed model is introduced for SOC estimation. The experimental results showed that the proposed iterative method can quickly estimate the SOC by several iterations while maintaining high estimation accuracy.
Introduction
Lithium-ion batteries now become the main energy storage medium in electric vehicles. A battery's state of charge (SOC) indicates the battery remaining power which is of great significance for battery management system (BMS). Accurate estimation method of the SOC can prevent over-charging and over-discharging, which can prolong the lifetime of the battery [1] . The electrochemical characteristics of the battery can be considered as an electrochemical system with strong non-linearity and the battery SOC cannot be directly measured [2] . Affected by applied load, temperature and cell degradation, vehicle batteries are usually divided into several groups, which switch between dynamic condition and resting state. Each battery pack is equipped with BMS to monitor the state of batteries. In the switching process of battery packs, a fast estimation method is needed to estimate the SOC for multiple battery groups, which can provide accurate initial values for other real-time estimation methods.
A number of estimation methods for battery SOC are used for different conditions. The Ampere-Hour (Ah) counting method for the calculation of battery SOC is simple and easy to implement, but it suffers from accumulated errors from noise and measurement error [3] . The data-driven approaches usually adopt artificial neural network, particle filter (PF) and relevance vector machine (RVM) to generate the nonlinear relation with respect to measurements. This kind of method relies on huge experimental data to achieve good estimation accuracy [4, 5] .
Kalman filter method can correct the initial error and restrain the noise of the system to a certain extent, but it relies heavily on the model [6] [7] [8] [9] . Also, this algorithm assumes that the measurement error is Gaussian white noise with zero mean and the noise covariance is known. However, the noise characteristics are unknown in most practical cases, which may have an impact on the estimation performance of the algorithm. SOC estimation method based on electrochemical impedance spectroscopy (EIS) tries to find the relationship between the impedance parameters and the battery SOC. Although this approach is accurate, it is complex and only suitable for the theoretical research of batteries [10] [11] [12] . In addition, the alternating current used in EIS switches between charging and discharging. Switching system belongs to nonlinear system, which is not suitable for the analysis of frequency domain.
In recent years, the fractional order model has been introduced into SOC estimation because of the characteristic of fractional order calculus method [13] .
Compared with the integer order model, the fractional modeling method can provide a more accurate battery model, and is suitable for a variety of operating conditions.
Many researchers have made efforts to estimate the battery SOC using fractional order models. In [14] , a fractional order form of partnership for the new generation of vehicles (PNGV) model based on the analysis of EIS and the SOC estimation based on the fractional Kalman filter is presented. In [15] , a fractional Kalman filter for SOC estimation based on a fractional order model is presented, where the differentiation order was fixed at 0.5, and the other parameters were identified based on a single pulse response. In [16] , model that uses the improved Oustaloup approximation method is proposed to capture the dynamic behaviors of lithium-ion batteries, and a modeling parameters sensitivity study is performed to analysis the relationship between the fractional order and the the output performance of the fractional order model.
Although with many advantages, the SOC estimation method based on fractional order model has several defects. Most SOC estimation methods based on the fractional order model are complex and non-recursive. The high computational demand becomes one of the important reasons why the fractional order model is difficult to apply to practical situations. In addition, in most literatures, the orders used for SOC estimation are fixed without considering the effect of the battery SOC. Most of the existing fractional order modeling methods aim to capture the nonlinear dynamic behavior of batteries, so as to improve the accuracy of SOC estimation. However, the SOC estimation methods based on fractional order and integral order models are almost the same. Generally, integal order modeling method can be seen as a special case of the fractional order modeling method.
Nowadays, porous graphite is the most popular anode material in commercial lithium batteries. Fractal morphology of charge distribution on porous electrodes could be illustrated by the relaxation of water on a porous dike which has a fractal dimension [17] . The fractal structure of porous materials has the function of storing energy, usually represented by fractional order model. The non integer differentiation order between 0 and 1 being expressed as a function of recursive factors defining the fractality of charge distribution on porous electrodes. The battery SOC, temperature, and the cycle times affect the fractal morphology of charge distribution on the electrode. Therefore, the order of the fractional order model varies with the working condition. As the fractional order is one of the main characteristics that are affected by batteries' remaining capacity, the determination of the SOC can be done by identifying the order of the fractional order model during operation of the battery. The fractal morphology of charge distribution is less influenced when the battery is charged or discharged continuously, therefore the relationship between the fractional order and the battery SOC is difficult to be found. However, the fractal morphology of charge distribution varies stably with SOC after the battery inner electrochemical reaction reaches balanced.
In this paper, a rapid estimation method for the SOC based on fractional continual variable order model is proposed. The remainder of the paper is organized as follows. In Section 2, a fractional order model has been built to describe the fractal morphology of the charge distribution of lithium-ion batteries. In Section 3, the least square method is applied to identify the fractional order at different SOC states, and the monotonic relationship between the fractal morphology of charge distribution and battery SOC has been found. However, it has been indicated that the order identification might be biased by the initial coefficient. To obtain a more accurate and stable SOC, an iterative method is introduced for finding the solution of the equilibrium problem of the parameters in Section 4. We prove the convergence of the proposed algorithm, which is the optimality condition for the minimization problem of the SOC estimation error. The results confirm that the iterative method is advantageous to SOC estimation. The summary is given in Section 5, along with an outlook of such an interesting research field.
Fractional Order Model of Lithium-Ion Batteries
In this section, the proposed fractional order model is built to describe the dynamic behaviors of lithium-ion batteries. The mathematical modelling equations is described and solved using the fractional order approximation method. Finally, the dynamic effect of fractional order on the output performance of the fractional capacitor is discussed.
Battery Modeling
A pair of contradictions happens when the current passes through the electrode. On the one hand, the charge on electrode surfaces accumulates gradually, which is caused by the movement of electrons. This polarization phenomenon causes the potential of the electrode to deviate from the equilibrium state. On the other hand, the electrode reaction absorbs the charge so that the potential gradually returns to the equilibrium state. The electrode reaction is complex, which includes the accumulation of lithium-ion on the electrode, the diffusion of lithium-ion, the passivation of the electrode surface and so on. The dynamic effects of electrode reaction can be collectively called depolarization. The two electrochemical phenomena of polarization and depolarization are co-existing when the battery is charging or discharging [18] .
The voltage response when the battery is discharged with a step current is shown in Figure 1 , where the red dotted line represents the current, and the blue solid line represents the terminal voltage. The mutation between point A and point B is mainly caused by the resistances of current collectors, active material, electrolyte and separator. The recovering process of the voltage between point D and point E is mainly related to the phenomenon of lithium-ion diffusion [19] . The cumulative effect of the voltage between point B and point C, which contains several behaviors of the battery, is mainly studied in this paper. In the charge and discharge process, there exists a defect that the rate of the movement of electrons is faster than that of the electrode reaction [20] . Therefore, polarization usually plays a dominant role in the electrochemical reaction of batteries. The depolarization phenomenon can be neglected when the battery is discharged in a short time with a small current magnitude. Because the porous structure of the electrode has a fractal dimension, the fractal morphology of the charge distribution on the electrode has nonlinear characteristics, which cannot be expressed accurately by integer order calculus. Finally, when other electrochemical reactions are ignored, a fractional capacitor can be used to approximately characterize the battery polarization phenomenon between point B and point C [21, 22] . The capacitor Q which has a fractional property is called fractional capacitor in general and its impedance can be defined as:
where Q ∈ R is a variable increment, α ∈ R (0 < α < 1) is the fractional derivation order. We can use the equivalent circuit of fractional order model in Figure 2 to simulate the voltage response between point B and point C in Figure 1 . 
where ∆ is the differential operator. Equation (2) can be rewritten as follows in state space function form:
where
is the matrix of 1×1. According to Equation (3), the discrete state space function is obtained:
where, at time index k, x k ∈ R is the state vector, I k ∈ R is the system input; y k ∈ R is the system output.
The Grünald-Letnikov fractional-order derivative is chosen in this work to obtain the numerical solution of the voltage differential equation. The α-order fractional order calculus for state x at time step k can be defined as [23] [24] [25] [26] :
where T s is the sample interval, k is the number of samples for which the derivative is calculated, j is the distance. According to Equation (5), Equation (4) can be written as [15, 24] :
Equation (6) can be further formulated:
The output equation can also be discretized as:
Finally, Equations (7) and (8) together determine the discrete state equation and output equation of the fractional order model.
The Output Dynamic of the Fractional Capacitor
In most literatures, the fractional capacitor is used to simulate the frequency response of the battery [27] . Few literatures have studied the output dynamic of the fractional capacitor in time domain. In order to find the relationship between the voltage response and the fractional derivation order of the fractional capacitor, a constant current is taken into Equation (7), and the coefficient is fixed at a constant. The fractional order α varies from 0 to 1. By setting I = 5A, Q = 1000, an interval of 0.1 s, the corresponding output voltages of the fractional capacitor are calculated, which are presented in Figure 3 .
From Figure 3 , in the case α = 1, the voltage curve is a straight line, and the fractional capacitor turns into a pure capacitor. In the case α = 0, the voltage curve is a straight line parallel to the horizontal axis, and the fractional capacitor turns into a pure resistor. In the case 0 < α < 1, the voltage of the fractional capacitor increases rapidly in the first few seconds and increases slowly in the following time. As the order of the fractional capacitor varies from 0 to 1, there exists a transformative process from the resistor to the capacitor. If the voltage response of the battery varies with the SOC, the order of the fractional capacitor can be used to characterize the battery output voltage feature, and the SOC can be estimated by the order of fractional capacitor. 
Order Identification of Fractional Order Model
In order to study the relationship between the order of the fractional order model and the SOC, the fractional order is identified based on the least squares method, and the experimental results and analyses are performed in this section.
Identification Method
The fractional order model in this paper is used to simulate the voltage response when the discharge current is loading, which corresponds to the voltage variation between point B and point C in Figure 1 . Therefore, the order identification of the fractional order model in this work is based on test dataset of BC segment in Figure 1 . Time-domain system identification is usually performed by using least squares method, and this method is also utilized in this work. The ohmic resistance R 0 is calculated using the voltage difference between point A and point B. A fitness value is introduced to evaluate the model precision [28, 29] ,
where y k is the voltage difference between open circuit voltage (OCV) and terminal voltage, and y k is the estimated voltage at k time.
It is not suitable to identify the fractional order with other parameters in the fractional continual variable order model. In this paper, the coefficient Q is fixed at a constant and the order is identified with the dataset of pulse discharge. The typical values of the coefficient have been chosen based on the identified results and the battery characteristic. The selection of coefficient Q is discussed in Section 4, and Q is fixed at 1000 in this section.
For identification process, firstly, a series of independent random fractional orders with a uniform distribution within in the selected range is generated. Subsequently, the fractional order is used for calculating the fractional derivative equation using Grünald-Letnikov fractional-order derivative. Meanwhile, the battery current is defined as the input of fractional order model, to calculate the output voltage. The predicted terminal voltage y k can be obtained using Equations (7) and (8) , then the fitness value can be obtained using Equation (9) . Finally, optimal order could be obtained at the end of the identification process and the relationship between the fractional order and the battery SOC could be found. The fractional order model does not represent the same battery model when the order is continuously changed. Therefore, the fractional continual variable order model is not suitable for real-time estimation. In addition, the continual variable order will increase the computation of the model in the real time estimation. The proposed model is suitable for SOC estimation when the battery is in the resting state. The most suitable identification signal is the pulse discharge in the switching process of the battery groups and the start of the combustion engine of the hybrid vehicle. The advantages of this signal are its short duration, which guarantees a low identification effort, its unchanging shape, which allows an identification with always the same current magnitude, and its regular occurrence in the driving profile. It also appears at the beginning of the operation after longer resting periods and allows an identification of the fractional order of the balanced battery cell.
Experiment Setup
The experimental setup comes equipped with an Arbin BT2000 tester (Arbin Instruments, College Station, TX, USA), a thermal chamber for environment control, a personal computer with signal control software and data conversion software, and a lithium-ion phosphate battery (LiFePO 4 ). Arbin BT2000 tester charges and discharges the battery through signals sent by the computer, and passes the collected dataset to the computer by the conversion module. The test units can record load current, terminal voltage, temperature, accumulative Ah and so on. Both current and voltage are recorded at a frequency of 10 Hz. The experimental platform is shown in Figure 4 , and the main parameters of the battery are listed in Table 1 . In Table 1 , C denotes the battery capacity value in Ah. The pulse discharge carried out at various SOC levels fully reflects the relationship between fractal morphology of charge distribution and the battery SOC. In addition, the pulse signal occurs during normal operation of the battery. Therefore, the pulse excitation is carried out in this work, and the whole process of battery SOC from 100% to 0% is divided into 20 segments.
After fully charged, the battery is set to be standstill for 10 min, and the battery open circuit voltage can be measured. Then, the battery is discharged for 45 s with constant discharge rate, followed by an intermission of 10 min. Finally, discharge the battery until the remaining capacity drops by 5%. The steps can be repeated until the battery SOC come to 5%. The battery shows strong nonlinearity at 100% SOC and 0% SOC, which is beyond the scope of this study. The pulse responses when the battery is discharged in different SOC states at 0.5C at 25 • C are shown in Figure 5 . It is necessary to mention that the measured voltages in Figure 5 are interpolated with time. From Figure 5 , when the battery is discharging, it is obvious that the rate of the voltage variation vary monotonically with the battery SOC. The main reason for this phenomenon is that the activity of the chemicals inside the battery alleviates with the reduction of the battery remaining power, and the battery SOC affects the fractal morphology of charge distribution on the electrode. According to the analysis of Section 2, when the battery is discharging with a step current, the voltage variation is simulated by the fractional order model, and the voltage variations of the fractional capacitor can be characterized by the fractional order α. Therefore, the fractional order α of the fractional order model can be used to characterize the battery SOC.
Identification Results
The fitting result when the pulse current is loading at 50% SOC and the variation of the fractional order α of the fractional order model (25 • C, 0.5C discharging current) are shown in Figure 6a ,b, respectively. It is worth noting that the voltage response in Figure 6a corresponds to the voltage variation between point B and point C in Figure 1 .
From Figure 6b , the fractional order increases monotonously from 0.39 to 0.61 when the SOC is discharged from 95% to 15%. When SOC is less than 15%, the fractional order increases rapidly, indicating that the rate of the voltage variation is increasing. As the battery SOC decreases from 100% to 0%, the order defining the fractality of charge distribution on porous electrodes changes from fraction to integer. This meaningful phenomenon guides us that we could just take the fractional order into account when estimating SOC.
Temperature, cycling times, and current magnitude also affect the order of the fractional order model. The significance of these influences vary strongly with the battery chemistry. Figure 7a From Figure 7a ,b, it is obvious that there exists a strong temperature dependence of the fractional order, but also a negligible dependence on the current magnitude. Figure 8 shows relationships between the fractional order α and SOC for different batteries with the same model type and for different cycling times (25 • C, 0.5C discharging current). Constant current and constant voltage (CC-CV) mode is adopted in the charge/ discharge and cycle life test. The battery is charged and discharged at 2C at 25 • C in the cycle test. Pulse discharge test is carried out every 100 cycle life test. In Figure 8a , the different batteries exhibited different order variation at the same SOC and temperature. These differences resulted from small variations in cell preparation.
Because the cell degradation has an influence on the activity of the electrolyte and polarization effect, the fractional order is affected by the degradation, which is observable in Figure 8b . The fractional order is found to be approximately 10% higher than the one of the new cell. This phenomenon can also be explained by the theory of charge distribution due to the porous structure of the electrode. The cell degradation changes the fractal dimension of the porous electrode. As the cycling times increase, the fractional order of the fractional model approaches 1 at the same SOC and temperature.
The battery is discharged after the battery inner electrochemical reaction reaches balanced, therefore the relationship between the fractional order and the SOC is stable. The identified order are dependent on the external operational conditions and the cell degradation. Therefore, the fractional order is time-variant and varies with temperature, power demand, and degradation. In this paper, this task is solved for the investigated lithium-ion cells implicitly by the chosen identification signals, where the battery conditions can be assumed to be homogeneous over all cells.
Nevertheless, it is necessary to compensate the influence of the varying temperature and the cell degradation of the battery, as this has immense effect on the identified fractional order. The identification of the fractional order is done with the special identification signal which has a defined timespan and occurs regularly. Due to the short sampling time, the variation of temperature can be ignored. For the calculation of the fractional order dependent SOC, the temperature and degradation dependency of the fractional order values has to be eliminated. The calculation of the fractional order is now performed by solving the equations:
where α i,act , α i,new (θ act ), and α i,new (θ 25 ) are the actual fractional order at i time, the fractional order of the new cell at the actual temperature and the fractional order of the new cell at 25 • C, respectively. From Figures 7a and 8b , there is an obvious monotonic trend between the fractional order α, temperature and cycling times at the same SOC. The scaling factor k between the theoretical fractional order of the new cell at the actual temperature and the actual fractional order is calculated as degradation index, and the scaling factor q between the theoretical fractional order of the new cell at the actual temperature and the fractional order of the new cell at 25 • C is calculated as temperature index.
The actual cell temperature can be assumed to be measured by the external temperature sensor. Then, the cells are balanced after the resting period and the temperature can be measured accurately enough. The typical values of the scaling factor k and q have been chosen based on the identified results and the battery characteristic.
SOC Estimation
As discussed above, the fractional order can indicate the battery SOC, thus the SOC could be estimated by the relationship between the fractional order and SOC. However, during the identification process, the selection of initial coefficient may have an impact on the fitting result. Consequently, the estimated SOC will be unstable in a small range. To overcome this fitting drawback of order identification and improve the accuracy of the SOC estimation, a new iterative method based on the fractional continual variable order model is proposed in this section. The inaccurate SOC value will be amended in the iteration process, and the coefficient and order of the fractional order model gradually converge to the true value. The convergence of the iterative method is proved, and the experiment is carried out to evaluate its performance.
The Iterative Method for SOC Estimation
The identified order when the coefficient Q is fixed within the given variation range is shown in Table 2 . The identified coefficient when the fractional order α is fixed within the given variation range is shown in Table 3 .
The relationship between coefficient Q and order α of the fractional order model in different SOC states is shown in Figure 9 . From Figure 9 , there is an obvious monotonic trend between coefficient Q and order α at the same SOC. The interpolation curve of coefficient and order moves up with the decrease of the SOC. Figure 9 . Relationship between the coefficient and the order of the fractional order model.
The main steps of the iterative method for estimating the battery SOC are as follows:
1. The initial coefficient Q(n) is selected in the given variation range which is shown in Table 2 . For convenience, the initial coefficient Q(n) is generally integer in this paper. 2. Based on the least square principle, the order α(n) is identified when the coefficient is fixed at Q(n), and the battery SOC(n) can be obtained from Table 2 . 3. According to Table 3 , the coefficient Q(n) is searched when the order α(n) and the battery SOC(n) are known. 4. The coefficient Q(n + 1) is calculated based on the formula:
5. The coefficient Q(n + 1) is used as the new coefficient, repeat steps 2-4 until the coefficient and the order converge to the fixed value. The framework of SOC estimation based on the iterative method is shown in Figure 10 . It is worth noting that the ranges of the parameters in Tables 2 and 3 are selected based on the fitting results and the battery characteristic. Moreover, only part of the parameters are listed in these tables, the corresponding parameters which have not been presented in Tables 2 and 3 can be obtained by fitting experimental data. Although part of the coefficients in Table 3 are out of the range in Table 2 , they always fall within the range of Table 2 in the estimation process. The order identification of the fractional continual variable order model and the iterative method for estimating the SOC could be implemented by the schematic shown in Figure 11 . In Figure 11 , fitness value (1) and fitness value (2) are calculated based on Equations (9) and (11), respectively. For the order identification, the deviation between calculated y k and measured y k is fed back with the fitness value (1). In the SOC estimation process, the deviation between coefficient Q(n) and Q(n) is fed back with the fitness value (2), thus new coefficient Q(n + 1) is taken into the fractional order model to update the fractional order. Since SOC is one of the states, a more accurate SOC is updated.
Proof of the Convergence of the SOC
Before using the iterative method to estimate the battery SOC, it is necessary to prove the convergence of the parameters of the fractional order model and the battery SOC in the iterative process. In a stable operation condition, the relationships between the coefficient, order and SOC can be expressed as follows:
• When the order α is fixed, the coefficient Q given by the identification is positive with SOC, and their relationship can be expressed as: Q ∝ SOC; • When the coefficient Q is fixed, the order α given by the identification is inversely proportional to SOC, and their relationship can be expressed as: α ∝ (1/SOC); • At the same battery SOC, the coefficient is proportional to the order, and their relationship is expressed as: Q ∝ α.
Assume that the initial coefficient Q(1) is smaller than the coefficient Q(1) obtained from Table 3 . According to the relation: Q ∝ α, the order α(1) obtained by the first identification is smaller than the order α(1) obtained by the second identification. According to the relation: α ∝ (1/SOC), the battery SOC(1) obtained by the first identification is larger than the battery SOC(1) obtained by the second identification. Based on Equation (9), we can derive the inequality [30, 31] :
In the iterative process, the coefficients will present the following relations:
Inequality (11) could be alternated as follows:
where k 1 , k 2 ,. . ., k n−1 is a sequence of constants. When the constant n approaches to infinity, k 1 k 2 . . . k n−1 tend to 0, and the following equation can be obtained:
Similarly, the following equations can be proved during the iterations:
We can draw the same conclusion when the initial coefficient Q(1) is larger than the coefficient Q(1) . The coefficient Q, order α and the battery SOC will gradually converge to the fixed value after several iterations, and the SOC estimation error will be reduced during the iterations. The schematic diagram of the convergence of the SOC of the iterative method is shown in Figure 12 . 
Experiment Validation
In order to verify the accuracy of the iterative method and evaluate its performance, the step-pulse current discharge is carried out at the random battery SOC (25 • C, 0.5C discharging current), and the OCV method is regarded as the reference value in view of the highly precise measurement.
The estimation result of the iterative method is shown in Table 4 , and the relative error of the iterative method is shown in Figure 13 . From Figure 13 , the initial SOC estimation error of the iterative method is usually between 2% and 3%. The estimated SOC of the iteration method gradually converges to the reference SOC and traces it well with a small error confined to 2%. When the parameters are iterated for about 6 times, the variation of the battery SOC can be neglected, and iteration calculation is terminated. Because of the short duration of the pulse discharge, the whole identification process takes much less computation time than other methods. The analysis of the iterative method for SOC estimation also illustrates its less iterative times, faster calculation speed and better convergency. Since the experimental conditions are usually different, it is difficult to make fair comparisons between different approaches. However, it is easy to see that the estimation method is effective, accurate and stable.
Conclusions
This paper presents a fractional continual variable order model and a rapid SOC estimation method for the battery system. It includes the fractional order modeling method of the battery, the order identification based on least square method and the SOC estimation method based on the correspondence between the fractional order and SOC. Results show the fractal morphology of charge distribution varies stably with SOC after the battery inner electrochemical reaction reaches balanced. Therefore, the proposed model is suitable for SOC estimation when the battery is in the resting state, such as the pulse discharge in the switching process of the battery groups and the start of the combustion engine of the hybrid vehicle. The proposed method can be easily implemented and applied by iteration. Experiments have been carried out to demonstrate that the iterative method can improve the precision of the estimated SOC. The drawback of the proposed method lies in where the long previous test time are required to acquire the relationship between the parameters of the fractional order model and the SOC. The proposed method is complementary to the existing SOC estimation methods. Further research of the authors will focus on the combination of the proposed SOC estimation method and fractional Kalman filtering method. When the battery is in the static state, the iterative method proposed in this paper can be used to quickly estimate the SOC. Meanwhile, the estimated fractional order is used as the new fractional order of fractional Kalman filtering method, and the real-time estimation of the battery SOC can be carried out. The fractional order will be gradually updated between the dynamic condition and the static state and converges to the true value.
